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Abstract

Engineeringandscienti ¢ applicationsarebecomingncreasinglymodular utilizing
publicly de ned interfacesto integratethird partytoolsandlibrariesfor servicessuchasmesh
generationgatapartitioning,equationsolversandoptimization.As aresult,it is importantto
understanéitndmodeltheinteractiondbetweerthesevariousmodules andto developgood
abstracinterfacesbetweerthem.Onecategyory of modulesthatis becomingncreasingly
importantis abstrachumericalalgorithms(ANAs). ANAs suchaslinearandnonlinear
equatiorsolvers,methoddor stability andbifurcationanalysisuncertaintyquanti cation
methodsandnonlineamprogrammingsolversfor optimizationaretypically mathematically
sophisticatedut have surprisinglylittle essentiatlependencen thedetailsof whatcomputer
systemis beingusedor how matricesandvectorsarestoredandcomputed As aresult,using
abstracinterfacecapabilitiesn languagesuchasC++, we canimplementANA softwarethat
it will work, unchangedwith a variety of applicationsandlinearalgebrdibraries.

In this paperwe provide anoverview of the Thyraeffort which atits mostbasiclevel
de nesfundamentahbstractinearoperatorandvectorinterfaces.Thesdinearoperator/ector
interfacesprovide the basicfunctionalityandinteroperabilityfor a broadrangeof ANAs.
Many otherhigherlevel abstractionsrebuilt ontop of the Thyraoperator/ectorinterfaces.
TheTrilinos packagehyra de nesthesedifferentsetsof C++ interfacesandprovides
optionalsupportsoftware.
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1 Intr oduction

Oneareaof steadyimprovementin large-scaleengineeringandscienti ¢ applicationds the
increasedanodularityof applicationdesignanddevelopment.Speci cationof publicly-de ned
interfaces.combinedwith the useof third-partysoftwareto satisfycritical technologyneedsn
areassuchasmeshgenerationgdatapartitioningandsolutionmethodshave beengenerallypositive
developmentsn applicationdesign.While the useof third party softwareintroducesdependencies
from theapplicationdevelopers perspectie, it alsogivesthe applicationaccesgo the latest
technologyin theseareasamortizedibrary andtool developmentacrosamultiple applicationsand,
if properlydesignedgivestheapplicationeasyaccesso morethanoneoptionfor eachcritical
technologyareae.g.,acces$o multiple linearsolver packages.

Onecateayory of modulesthatis becomingncreasinglyimportantis abstrachumericalalgorithms
(ANAs). ANAs suchaslinearandnonlinearequationsolvers,methodgor stability andbifurcation
analysistransientsolvers,uncertaintyquanti cation methodsandnonlineamprogrammingsolvers
for optimizationaretypically mathematicallysophisticatedbut have surprisinglylittle essential
dependencen thedetailsof whatcomputersystemis beingusedor how matricesandvectorsare
storedandcomputed.Thus,by usingabstracinterfacecapabilitiesn languagesuchasC++, we
canimplementANA softwaresuchthatit will work, unchangedwith avariety of applicationsand
linearalgebrdibraries.

Herewe describea setof abstracbperator/ectorinterfacesthatallows the speci cationof ANAs
from basicKrylov linearequationsolversall theway up to interiorpoint methodgor optimization.
At thecore,we de ne a setof basicoperator/ectorinterfacesthatform thethe foundationfor (i)
ANA development(ii) theintegrationof an ANA into anapplication(APP)and(iii) providing
servicedo the ANA from alinearalgebrdibrary (LAL). By agreeingonasimpleminimal
commoninterfacelayersuchasthe Fundamentarhyra ANA Operator/¥éctorinterfacesdescribed
here,we eliminatethe mary-to-mary dependencproblemof ANA/APP interfaces.

It is dif cult to describea setof linearalgebranterfacesoutsideof the context of someclassof
numericalproblems.For this purposewe will considemumericalalgorithmswhereit is possible
to implementall of therequiredoperationsexclusively throughwell de ned interfacesto vectors,
vectorspacesandlinearoperatorsandhigherlevel abstraction$uilt onthese.Thefundamental
Thyraoperator/ectorinterfacesdescribecherearethe commondenominatoof all abstract
numericalalgorithms.

We assumehatthereadetasa basicunderstanding@f vectorreduction/transformen operators
(RTOp) [3], is comfortablewith object-orientatiorjl1l] andC++, andknows how to readbasic
Uni ed ModelingLanguaggUML) [10] classdiagramsWe alsoassumeéhatthereadehassome
backgroundn large-scalemumericsandwill thereforebe ableto appreciatéhe challengeghatare
addressedly Thyra.

Notethatthe onlinedocumentatiorior Thyraat
http://trilinos.san dia .go vip ackages/ thy ra

shouldbethede niti ve informationsourcefor Thyra. This documenbnly triesto provide an
overviev of Thyraandexplainthe philosophybehindit.



2 Classi cation of linear algebraand other interfaces

Althoughwe will discussAPPs,ANAs andLALs in detaillaterin this sectionwe wantto brie y
introducethesetermshereto make themclear Also, althoughtherearecertainlyothertypesof
modulesin alarge-scalescienti c/engineeringapplicationwe only focuson thesethreesincethey
aretheonesmoredirectly relatedto ANAS.

Application(APP): Themodulesof anapplicationthatarenot ANA or LAL modules.
Typically thisincludesthe codethatis uniqueto the applicationitself suchasthe codethat
formulatesandgeneratethe discreteproblemto be solved. In generait would alsoinclude
otherthird-partysoftwarethatis notanANA or LAL module.

AbstractNumericalAlgorithm (ANA): Softwarethatdrivesa solutionprocesse.g.,an
iteratve linearor nonlinearsolver. Thistype of packageprovidessolutionsto andrequires
servicedrom the APP, andutilizes servicefrom oneor moreLALSs. It canusuallybe
written sothatit doesnot dependon the detailsof the computermplatform,or the detailsof
how the APPandLALs areimplementedsothatan ANA canbeusedacrosamary APPs
andwith mary LALSs.

LinearAlgebraLibrary (LAL): Softwarethatprovidestheability to constructconcretdinear
algebraobjectssuchasmatricesandvectors.A LAL canalsobeaspeci c linearsolver or
preconditioner

An importantfocusof this paperis to clearlyidentify theinteractiondetweemnAPPs,ANAs and
LALs for the purpose®f de ning the Thyrainterfacesandto differentiatethe Thyrainterfaces
from otherinterfacingefforts.

Therequirementsor thelinearalgebraobjectsasimposedoy an ANA arevery differentfrom the
requirementimposedby an APP code.In orderto differentiatethe varioustypesof interfacesand
therequirementassociateavith each considerFigurel. This gure shavsthethreemajor
cateoriesof softwaremoduleshatmale up a completenumericalapplication.The rst cateyory
is application(APP) softwarein which theunderlyingdatais de ned for the problem.This could
be somethingassimpleastheright-hand-sidendmatrix coefcients of a singlelinearsystemor
ascomplex asa nite-elementmethodfor a 3-D nonlinearPDE-constrainedptimizationproblem.
Thesecondcatayory is linearalgebrdibrary (LAL) softwarethatimplementsasiclinearalgebra
operationg9, 1,5, 13, 2, 12]. Thesetypesof softwareincludeprimarily matrix-vector
multiplication, the creationof a preconditionefe.g.ILU), andmayevenincludeseveraldifferent
typesof directlinearsolvers. Thethird catgory is ANA softwarethatdrivesthe mainsolution
processandincludessuchalgorithmsasiterative methoddgor linearandnonlinearsystemsexplicit
andimplicit methodgor ODEsandDAEs; andnonlinearmprogrammingNLP) solvers[16]. There
aremary examplesoftwarepackage$2, 13, 12, 7, 4] thatcontainANA software.

Thetypesof ANAs describechereonly requireoperationdik e matrix-vectormultiplication,linear
solvesandcertaintypesof vectorreductionandtransformatioroperationsAll of theseoperations
canbeperformedwith only avery abstracview of vectors vectorspacesndlinearoperators.

An applicationcode,however, hastheresponsibilityof populatingvectorandmatrix objectsand
requiresthe passingof explicit functionandgradientvalueentries sometimesn adistributed
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memoryparallelenvironment.Thisis thepurposeof an APP/LAL interface. Thisinvolvesavery
differentsetof requirementshanthosedescribedbove for the ANA/APP andANA/LAL
interfaces.Examplesof APP/LAL interfacesincludethe FEI [8] andmuchof the ESI[14].

Figurel alsoshavs asetof LAL/LAL interfacesthatallows linearalgebraobjectsfrom oneLAL
to collaboratewith the objectsfrom anothelLAL. Thesesnterfacesarevery similarto the
APP/LAL interfacesandtherequirementgor this type of interfaceis alsonot addressedly Thyra.
TheESI[14] containssxamplesof LAL/LAL interfaces.
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3 SomeBasicRequirementsfor Thyra
Beforedescribinghe C++ interfacesfor Thyra,somebasicrequirementgrestated.

1. Thyrainterfacesshouldbe portableto all the ASC [17] platformswhereASC applications
mightrun andto otherimportantplatforms.

2. Thyrainterfacesshouldprovide for stableandaccuratenumericalcomputationata
fundamentalevel.

3. Thyrashouldprovide a minimal, but completejnterfacethataddresseall thebasic
ef ciency needqin both speedandstoragewhich will resultin nearoptimal
implementationsf all of the objectsandall of theabose mentionedANA algorithmsthat
usetheseobjects.

4. Maximally generalANAs developedwith Thyrashouldbe ableto transparentlytilize
differenttypesof computingervironmentssuchasSPMD!, client/serer?, out-of-coré, and
ary combinationof thesecon gurations.

5. Thework requiredto implementadaptesubclasseéeethe“Adapter”patternin [11]) for
andwith Thyrashouldbe minimal andstraightforvard for all of the existing relatedlinear
algebraandANA interfaces.This requirements facilitatedby the factthatthe Thyra
interfacesareminimal.

A hand-codeghrogram(e.g.usingFortran77 andMPI) shouldnot provide ary signi cant gainsin
performancen ary of theabove catgyoriesin ary computingervironmentor con guration. A
hand-codedalgorithmin Fortran77 with MPI shouldnotbe ableto provide signi cant
improvementsn storageequirementssomputationaspeedpr numericalstability Thereare
mary numericalalgorithmscancannot be consideredo be“abstract”(e.g.GaussiarkElimination)
andthereforeThyraandlike abstracinterfacesshouldnot be usedfor suchalgorithms.However,
drawly theline betweeran ANA andanon-ANA canbequitefuzzyin practice.

1SingleProgramMultiple Data(SPMD): A singleprogramrunningin a distributed-memonenvironmenton multiple
parallelprocessors

2Client/Serer: The ANA runsin aprocesn aclientcomputerandthe APPandLAL runin processorsn asener
30ut-of-core:The datafor the problemis storedon disk andis readfrom andwritten to backdisk asneeded
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4 Mathematical Foundation for Fundamental Thyra ANA
Operator/Vector Interfaces

Beforedescribinghe Thyra FundamentaANA Opemator/\ector Interfaceshatform the
foundationfor all of the ThyraANA interfacesin moredetail,we must rst clearlyde ne the
mathematicafoundationfor the abstraction®f vectors vectorspacesandlinearoperators.

All Thyravectorsbelongto avectorspaceandarerepresentablasanarrayof scalarcoefcients
%2 R" anda (non-uniguepasiskE 2 R" " of theform

x= EX (1)

For agiven Thyravectorspacethebasisrepresentatioi 2 R" " is non-uniquebut the symmetric
positive de nite scalar(inner) productmatrix

Q=E"E (2)
whereQ 2 R" "isunique.GivenQ 2 R" ", thescalamproductis de ned as
xly=g1Qy=< %y> : 3)

ForQ2 R" "tobefull rank,E 2 R"™ " mustbefull rank. Herewe de ne a Euclideanvector
spaceasonewhereE= |2 R" "andQ=E"E=12 R" ".

In Thyra,vectorspacesndvectorsareabstractedisingthe C++ baseinterfaceclasses
Thyra::\VectorSpace  Base andThyra::VectorBase respectiely. Vectorsarecreatedrom a
vectorspaceausingthe“AbstractFactory” designpatternusingthe nonmembefunction
createMember(vecSp ) .

In additionto vectorsandvectorspacesThyraalsode neslinearoperatoravhich linearly map
vectorsfrom onevectorspaceo another Thede nition of alinearoperatoris stronglyin uenced
by thede nition of thescalamproductassociateavith thevectorspaceandwhetherthe mappingis
betweerEuclideanvectorsy = Axor betweercoefcient vectorsy= AX. In Thyra,vectorsarea
specializatiorof linearoperatorsandthereforesvery vectoris alsoa linearoperator Therefore,
whenonewrites

2= Xy (4)

thenx! mustbeinterpretedo betheadjointlinearoperatorof x.

Giventhis notation,the vectorx would be consideredo live anEuclideanvectorspacex2 R"
while the vectorX would be consideredo live in thenon-Euclidearvectorspacex 2 X whichis

de ned by thescalamproductmatrixQ 2 R" ". Thereforejt is actuallynot clearwhetheran
abstracvectorobjectrepresentshe Euclideanvectorx 2 IR" which justhappengo be storedasa
setof coefcients X2 X or if it representshecoefcient vectorsk 2 X themseles. Thisambiguity
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of theinterpretatiorof vectorsandlinearoperatorsalsoresultsfrom theambiguityof
interpretatiorof thevectorsin thatthey canbethoughtof asthe Euclidearlinearoperatorghat
only updatethe coefcient vectorsor aslinearoperatorghatactdirectly on vectorcoefcients.

The FundamentalrhyraANA Operator/¥éctorInterfacesrequirethatevery Thyravectorbe
representedsa nite-dimensionalsetof scalarcoefcients andthatthe scalamproduct< X;¥> be
equialentto thetwo-sidedapplicationsome nite-dimensionalsymmetricpositive de nite matrix
Q2 R" "suchthat< %;§>= %"Qy. The Thyrainterfacesdo nottry to pretendthatits vectorsare
in nite dimensionabr thatthey admitmoregeneraimplementationgsallowedby in nite
dimensionaHilbert spacesWhile every Thyravectormustbe storedasa setof scalarcoefcients
theinterfacesmale no assumptionsvhatsoger aboutwhereor how thosecoefcients arestored.
A fully generalANA canmalke no assumptionabouthow vectorsarestoredor laid outin
memory only thatthosecoefcients do exist andthatthe coefcients canbe exposedo reduction
andtransformatioroperatorgsee[3]).

While accessinghe elementf avectoris ill advisedn ageneralANA, the Thyravectorinterface
supportsacquiringdirectviews of ary rangeof vectorcoefcient data(see
Thyra::VectorBase: :ac qui reDet achedView (. ..) ).

Again,thyradoesnottry to hidethefactthata vectoris simply a setof scalarcoefcients
associateavith somebasis.Thyradoesnot evenreally try to keepthe clientfrom accessinghe
actualcoefcients of thevectorssinceit canaccesthemwith an RTOp objectif desired What
Thyradoesdois to abstractvherethevectorcoefcients live andwhatnative datastructures used
to hold the coefcients. Noneof vectorcoefcients mayevenbedirectly beheadin mainmemory
in theprocesavherethe ANA is runningbut thereis awaysa (perhapsrery inef cient) mechanism
to getaview of them.ANAs thatwantto be maximallygenerakndef cient shouldnottry to
directly accesshevectorelementsxplicitly andmary ANAs do not needto. However, thereare
perfectlyreasonabl&NAs thatdo needto accesshe explicit vectorcoefcients for vectorsfrom
certainvectorspacegsuchasvectorsin the designspacein somereduced-spaceptimization
algorithms)andThyraprovidesef cient andyet 100%generalaysto accesshesecoefcients.
Every Thyravectorspacealsohasa nite dimensionthatis accessiblesa propertyof thevector
spaceandin integervalue.

While Thyrarequiresvectorsto be nite dimensionabndthevectorcoefcients mustbe
accessibl€if to noneotherthanto RTOps),it allows completefreedomin theimplementatiorof
scalamproductsof generalinearoperatorghatmapvectorsfrom onevectorspaceo another
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5 Overview of Fundamental Thyra ANA Operator/Vector Interfaces

The FundamentalrhyraANA Operator/¥ctorInterfacesareshavnin Figure2. Thekey
abstractionsncludevectors vectorspacesandlinearoperatorsAll of theinterfacesaretemplated
ontheScalar type(theUML notationfor templatectlassess notusedin the gure for the sale of
improving readability).

Vectorspaces the foundationfor all otherabstractionsVectorspacesreabstractedhroughthe
VectorSpaceBase interface.A VectorSpaceBase objectactsprimarily asan“Abstract
Factory”[11] thatcreatesvectorobjects(which arethe“products”in the “AbstractFactory” design
pattern).

VectorsareabstractedhroughtheVectorBase interface.TheVectorBase interfaceis very
minimal andreally only de nes onenontrivial functionapplyOp(...) . TheapplyOp(...)
functionacceptsuserde ned (i.e. ANA-de ned) reduction/transformiin operatofRTOp)
objectsthroughthetemplatedRTOp C++ interfaceRTOpPack::RTOp T. An everincreasingset
of concretamplementation®f RTOpsis provided alongwith wrappercorveniencefunctionsin
the ANA supportcodecollection. The setof operationss alsoeasilyextensible.Every
VectorBase objectprovidesaccesdo its VectorSpaceBas e (thatwasusedto createthe
VectorBase object)throughthefunctionspace() .

TheVectorSpaceBase interfacealsoprovidestheability to createMultiVectorBas e
objectsthroughthecreateMembers( numMmber s) function. A MultiVectorBase isa
tall thin denseamatrix whereeachcolumnin thematrixis aVectorBase objectwhichis
accessiblehroughthecol(...) function. MultiVectorBase  sareneededor nearoptimal
processocacheperformancedin serialandparallelprograms)andto minimizethe numberof
globalcommunicationsn a distributedparallelervironment. The MultiVectorBase interface
is usefulin mary differenttypesANAs suchasblock Krylov methods Theinterfaceclass
VectorBase is dervedfrom MultiVectorBas e sothateveryVectorBase isa
MultiVectorBase . This simpli es thedevelopmentbof ANAs in thatary ANA thatcanhandle
MultiVectorBase objectsshouldautomaticallybe ableto acceptVectorBase objectsas
well.

VectorSpaceBase declaresvirtual functioncalledscalarProd(x,y) which computes
thescalamproduct< x;y > for thevectorspace.Thereis alsoa MultiVectorBase version
VectorSpaceBase :: scal arProds(. .. ) (notshavnin the gure) thatcomputeghe

scalamproductsof eachsetof columnvectorsin two multi-vectors.Finally, VectorSpaceBase
alsoincludesthe ability to determinghe compatibility of vectorsfrom differentvectorspaces
throughthefunctionisCompatible(ve cSpc) . Thisis usefulprimarily for errorcheckingand
dehugging.

Anotherimportanttype of linearalgebraabstractions alinearoperatowhichis representetly the
interfaceclassLinearOpBase . ThelLinearOpBase interfaceis usedto representuantities
suchasaJacobiamatrix. A LinearOpBase objectde nesalinearmappingfrom vectorsin one
vectorspacgcalledthedomain ) to vectorsin anothewvectorspacegcalledtherange ). Every
LinearOpBase objectprovidesaccesdo thesevectorspaceshroughthefunctionsdomain()
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andrange() . Theexactform of this mappingasimplementedy thefunctionapply(...) ,is
Y =aMX+ bY (5)
whereM is aLinearOpBase object;X andY areMultiVectorBase objects;anda andb are

Scalar objects.

A LinearOpBase objectcanalso,optionally supporthetransposéor adjoint) operation:
Y = aop(M) X+ by (6)

throughthefunctionapplyTranspose( .. .) ,whereM isalLinearOpBase object;op(M)
isMT or MM (asdeterminedy theconj agument);X andY areMultiVectorBase  objects;
anda andb areScalar objects.ThefunctionapplyTranspose (E Conj) will returnfalseif a
particularform of thetransposés not supported.

If theadjointis supportedthenit mustsatisfythe adjointpropertySpeci cally, for any two vectors
w2 D (domainspacerndu2 R (rangespace)theadjointoperatiormustobey the adjoint

property
< uAv>gp==< Auv>p:

Anotherimportantpartof this designis thefactthatMultiVectorBase derivesfrom
LinearOpBase andthereforeavery multi-vectorobjectis alsoalinearoperator Thisis an
elegantway to supportthe notionsof block innerproductsandblock updates.

A blockinnerproductis speci edas
Z=Y"X

whereY, X andZ areall multi-vectors.NotethatsinceY is alinearoperatotthenY X is not
simply the block dot productinvolving the coefcients but insteadmustbe consistentvith the
scalamproductfor therangeof Y.

A block updatetakestheform
Z=aYX+ bz

whereY, X andZ areall multi-vectorsanda andb arescalars.

Also notethatsinceMultiVectorBase dervesfrom LinearOpBase andVectorBase
dervesfrom MultiVectorBase , therefore gvery vectorobjectis alsoalinearoperator While
this maynotbeaterribly usefulfeatureit doesmeanthatonemustinterprety x to bethe sameas
< y;x> andnotjustthedot productwhenthe spacds non-euclidean.
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UML Notation
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Figure 2. UML classdiagram: The fundamentallhyra ANA opera-
tor/vectorinterfaces
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6 Summary

The Fundamental hyraOperator/\éctorInterfacesprovide theintersectiorof all of the
functionalityrequiredof linearoperatorsandvectorsby a variety of abstrachumericalalgorithms
rangingfrom iterative linearsolversall theway up to optimizers.By adoptingThyraasa standard
interfacelayer, interoperabilitybetweerapplicationslinearalgebrdibraries,andabstract

numericalalgorithmsin advancedscienti c computingervironmentshecomesutomaticdo alarge
extent.
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